Self Testing of All Pure Bipartite Entangled States via Quantum Steering by Shrotriya, Harshank et al.
Self Testing of All Pure Bipartite Entangled States via Quantum Steering
Harshank Shrotriya,1 Kishor Bharti,1 and Leong-Chuan Kwek1, 2, 3
1Centre for Quantum Technologies, National University of Singapore
2MajuLab, CNRS-UNS-NUS-NTU International Joint Research Unit, Singapore UMI 3654, Singapore
3National Institute of Education, Nanyang Technological University, Singapore 637616, Singapore
The idea of self-testing is to render guarantees concerning the inner workings of a device based on
the measurement statistics. It is one of the most formidable quantum certification and benchmarking
schemes. Here, we have shown that any bipartite pure entangled state can be self-tested through
Quantum Steering. Analogous to the tilted CHSH inequality, we have established a new steering
inequality called Tilted Steering Inequality for self-testing any pure two-qubit entangled state. We
have further used this inequality to self-test any bipartite pure entangled state by certifying two-
dimensional sub-spaces of the qudit state by observing the structure of the assemblage obtained on
Bob’s side after Alice’s measurement.
Introduction.— Quantum certification and benchmark-
ing become a task of paramount importance as we make
advancement towards the second quantum revolution [1].
One of the prominent approaches to device certification
is self-testing [2–4]. The idea of self-testing is to provide
guarantees regarding the inner working of a device based
on the measurement statistics. Self-testing is an impor-
tant task from the point of view of both quantum foun-
dations research [5–8] as well as many quantum informa-
tion processing tasks such as randomness generation [9–
11], quantum cryptography [3, 12, 13] and entanglement
certification [14, 15]. Self-testing as a method for certi-
fication of quantum states and measurements originated
in the Device Independent (DI) scenario [2, 3, 12] taking
advantage of Bell Nonlocality [16] to make the claims for
certification. Since then, many important results have
been achieved for device-independent self-testing such as
self-testing of all pure bipartite entangled states [17], self-
testing of all multipartite entangled states that admit a
Schmidt decomposition [18], sequential [19] and parallel
self-testing of many EPR pairs [20, 21] and GHZ states
[22]. Apart from the DI scenario, other scenarios have
been explored such as self-testing local quantum systems
using non-contextuality inequalities [23, 24], self testing
in the prepare and measure scenario [25], self testing of
quantum circuits [26] and semi-device independent (SDI)
self testing based on EPR steering [27–29]. In [28], au-
thors are mainly concerned with showing improvements
in robust self testing in the SDI scenario compared to DI
scenario while in [27], the authors have shown one sided
device independent self testing of any pure two-qubit en-
tangled state.
Quantum steering [30–32] as a phenomenon is logically
different from entanglement and nonlocality, lying mid-
way between them. Nonlocal states can be shown to be
steerable and steerable states can be shown to be en-
tangled; however, nonlocality is studied in the DI sce-
nario while steering is studied in the SDI scenario. Ap-
plications of quantum steering have been investigated in
Quantum Key Distribution (QKD) [33] using the BBM92
protocol [34], where the authors showed that in the SDI
scenario obtainable key rates are higher and the required
detector efficiencies are lower compared to the fully DI
case. Steering based randomness certification has been
studied in [35–37]. In [37], the authors show maximal
randomness generation in the SDI setting from any pure
entangled full-Schmidt-rank state using the maximal vi-
olation of steering inequalities. See [38] for a compre-
hensive review on quantum steering and [39] for a review
based on semi-definite programming.
Self-testing in the DI scenario entails obtaining specific
extremal correlations while treating the measurement de-
vices as black boxes. Such extremal correlations violate
inequalities such as the CHSH inequality [40] maximally.
Although SDI is a weaker notion and requires more as-
sumptions than the fully DI case but the advantage of
proving self-testing in the SDI scenario are manifold; the
additional assumptions help in alleviating mathematical
difficulties such as establishing a tensor product struc-
ture in the multipartite case, or self-testing of complex
measurements as described in [28], self-testing using the
maximal violation of a steering inequality in the SDI sce-
nario was shown to be advantageous in a laboratory set-
ting [41]. Also, the assumptions required in SDI scenario
are naturally justified, such as in the case of delegated
quantum computing [42]. In [29], the authors discuss
rigidity of quantum steering correlations via sequential
steering games and show that the overhead is reduced
in the steering case compared to that of CHSH game
rigidity. The authors further highlight the application of
steering rigidity in verifying delegated quantum compu-
tation.
Moved by the advantages of self-testing in the SDI sce-
nario, it is natural to enquire whether all pure bipartite
entangled states can be self-tested in the SDI scenario via
quantum steering. Progress in the aforementioned direc-
tion has been made in [28, 29] where the authors used
a linear steering inequality for self-testing the maximally
entangled Bell pair. One-sided device-independent self-
testing of any two-qubit pure entangled state was shown
in [27] where the authors used two steering inequalities,
Fine-grained inequality (FGI) [43] and analogue CHSH
[44] inequalities for self-testing. However, the maximal
violation of the FGI is not uniquely achieved by a par-
ticular target state, and the authors used the analogue
CHSH inequality, along with maximal violation of FGI,
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2to uniquely ascertain which state had been self-tested.
In this Letter, we have established the Tilted Steer-
ing Inequality, the maximal violation of which uniquely
self tests any two-qubit pure entangled state. Further,
by adapting the subspace methods of [17] for the SDI
scenario, we provide a self-testing scheme for self-testing
any pure bipartite entangled state via quantum steering.
Steering Scenario.— We have considered an SDI scenario
where Alice and Bob share an entangled qudit state, such
that Alice performs black-box measurements on her side
and Bob performs tomographic reconstruction to obtain
the exact density matrix of the states on his side after
Alice’s measurements.
Quantum steering was first formalised in [45] where
the authors defined steerable states as those which do
not admit a Local Hidden State (LHS) model for any
assemblage generated on Bob’s side. The assemblage
(un-normalised state) σa|x generated on Bob’s side cor-
responding to outcome a and measurement x on Alice’s
side is said to admit an LHS model if it can be repre-
sented as a mixture of hidden states ρλ originating from
a probability distribution µ(λ):
σa|x =
∫
dλµ(λ)p(a|x, λ)ρλ (1)
In accordance with quantum mechanics, the assemblage
generated by performing projective measurements Ma|x
on Alice’s side can be written as:
σa|x = trA[(Ma|x ⊗ I)ρAB ] (2)
where
∑
aMa|x = 1 and Ma|x ≥ 1 ∀a, x. In [44],
the authors described steerable states by modelling non-
steerable correlations using a Local Hidden Variable-
Local Hidden state (LHV-LHS) model. Given a bipar-
tite system comprising of qubits with spatially separated
parties Alice and Bob, denote OA and OB as the set of
observables in the Hilbert space of Alice and Bob respec-
tively. An element in OA will be denoted by x (similarly
y for OB) and the outcomes corresponding to x will be
denoted by a ∈ L(x) (similarly b ∈ L(y)) where L(x)
(L(y)) denotes the set of outcomes for the observable x
(y). The joint state ρAB is said to be steerable if and
only if it does not admit an LHV-LHS decomposition for
all a ∈ L(x), b ∈ L(y), x ∈ OA and y ∈ OB . An LHV-
LHS decomposition is based on the idea that Alice’s out-
comes are determined by a local hidden variable λ and
Bob’s outcomes are determined by local measurements
on a quantum state ρλ,
p(a, b|x, y; ρAB) =
∑
λ
p(λ)p(a|x, λ)p(b|y, ρλ) (3)
In the SDI scenario, the LHV-LHS model can be used to
establish local bounds for linear expressions giving rise
to steering inequalities, violation of such inequalities im-
plies steering (see Appendix A 1). Steerable Weight as a
quantifier of steering was proposed in [46] and was further
shown to be a convex steering monotone in [47]. Consider
a one-sided device-independent scenario where Alice and
Bob share a joint quantum state ρAB , an arbitrary set of
assemblages {σa|x}a,x (set of assemblages obtained over-
all outcomes and observables) can be decomposed as,
σa|x = psσSa|x + (1− ps)σUSa|x ∀a, x (4)
where 0 ≤ ps ≤ 1, σSa|x is a steerable assemblage and σUSa|x
is an un-steerable assemblage i.e. has an LHS decompo-
sition. The weight of the steerable part ps minimized
over all possible decompositions of {σa|x}a,x gives the
steerable weight SW ({σa|x}a,x) of that assemblage set.
Self Testing.— Self testing was originally introduced in
the DI scenario where the maximal violation of the CHSH
inequality was used to self test the Bell state [3, 12].
Such self testing procedures are based on obtaining ex-
tremal correlations p(a, b|x, y) = tr[(Ma|x ⊗ Nb|y)ρAB ],
obtained by performing quantum measurements Ma|x
(acting on HA) and Nb|y (acting on HB) on the joint
quantum state ρAB ∈ HA ⊗ HB , such that the correla-
tions p(a, b|x, y) achieve the quantum supremum of a Bell
inequality and the quantum states that achieve the ex-
tremal correlations are unique up to local isometries. For-
mally defined, the extremal correlations p(a, b|x, y) self
test the state and measurements {|ψ¯〉, M¯a|x, N¯b|y} if for
all states and measurements {|ψ〉,Ma|x, Nb|y} compatible
with p(a, b|x, y), there exists an isometry Φ = ΦA ⊗ ΦB
where ΦA : HA 7→ HA ⊗HA′ and ΦB : HB 7→ HB ⊗HB′
such that:
Φ(|ψ〉AB) = |junk〉AB |ψ¯〉A′B′
Φ(Ma|x ⊗Nb|y|ψ〉AB) = |junk〉AB(M¯a|x ⊗ N¯b|y|ψ¯〉A′B′)
(5)
where M¯a|x and N¯b|y act on HA′ and HB′ respectively.
Coming to the SDI scenario, for self testing any pure
bipartite entangled state, using Schimdt decomposition,
our target state can be written as:
|ψtarget〉 :=
d−1∑
i=0
ci|ii〉 (6)
where 0 < ci < 1 ∀ i and
∑d−1
i=0 c
2
i = 1. In order to self
test the target state (6), we intend to show the existence
of an isometry Φ : HA 7→ HA ⊗HA′ on Alice’s side such
that:
Φ(|ψ〉AB) = |junk〉A ⊗ |ψtarget〉A′B
Φ(Ma|x|ψ〉AB) = |junk〉A ⊗ M¯a|x|ψtarget〉A′B
(7)
where Ma|x acts on HA; M¯a|x acts on HA′ and represents
ideal measurements on Alice’s side. Formally stated, our
main result is the following.
Main Result. In the SDI scenario, for any bipartite
pure entangled state |ψtarget〉, there exists an ideal set
of assemblages {σa|x}ideala,x , where x ∈ {0, 1, 2} and a ∈
{0, . . . , d − 1}, which when observed on Bob’s side af-
ter Alice performs black box measurements on their joint
3state ρAB self tests the target state |ψtarget〉 and ideal
measurements on Alice’s side.
FIG. 1. Self testing scheme: Step 1. Alice performs un-
characterized measurements on her side with three measure-
ment choices x ∈ {0, 1, 2} and records the outcomes a ∈
{0, . . . , d− 1}. For each measurement x and outcome a, Bob
measures the assemblage generated on his side σa|x. The ex-
periment is repeated several times for each measurement set-
ting x to build the complete assemblage set on Bob’s side.
Step 2. If the observed assemblage set {σa|x}a,x has the ideal
structure (see Appendix B 1) then the isometry Φ (see Fig. 2)
can be shown to exist on Alice’s side. Step 3. The isometry
Φ self tests the target state (6) and the ideal measurements
as shown in Lemma 2 in Appendix B.
Proof Sketch.— Here we provide a sketch of the proof for
our main result, the detailed proof is given in Appendix
B. Since our aim is to self test the state (6) by self testing
the two dimensional subspace projected blocks, we first
establish the Tilted Steering Inequality (TSI), the max-
imal violation of which uniquely self tests any two-qubit
pure entangled state |ψ(θ)〉 = cos θ|00〉+ sin θ|11〉 where
0 < θ < pi/2. The TSI is a two parameter inequality
given as:
Iα,β ≡ α〈A0〉+ β〈A0Z〉+ 〈A1X〉 ≤ α+
√
1 + β2 (8)
where β > α > 0, A0 and A1 refer to 2-outcome black-
box measurements on Alice’s side and Z and X refer to
Pauli Z and X measurements performed by Bob. For a
given bipartite pure entangled state |ψ(θ)〉, a correspond-
ing value of α (satisfying sin 2θ = 1√
1+α2
) and accord-
ingly β can be calculated such that the given entangled
state uniquely (up to local isometries) violates the tilted
steering inequality maximally. The maximal violation is
achieved when Alice’s measurements are parallel to that
of Bob’s i.e. Alice makes A0 = Z and A1 = X Pauli mea-
surements. In order to calculate the local and quantum
bounds for the linear expression Iα,β , we use the con-
cepts defined earlier, namely the LHV-LHS model and
steerable weight. In the LHV-LHS model, Alice’s mea-
surement outcomes are determined using a probabilistic
LHV model and Bob’s outcomes come from local mea-
surements on a quantum state. We calculate the local
bound for TSI within the LHV-LHS model by individu-
ally maximising the terms of Iα,β over the allowed set of
outcome probabilities for Alice and Bob. For calculat-
ing the quantum bound, we first consider a property of
steerable weight (SW (σa|x)) given in [39]; SW (σa|x) is
bounded by any convex function f(.) of that assemblage,
where f(.) can be the violation of a steering inequality.
Using this property, it can be further shown that:
SW (σa|x) ≥
f(σa|x)− fLHSmax
fmax − fLHSmax
, (9)
where fmax and f
LHS
max are the maximal value of f(.)
among all possible assemblages and among all possible
LHS assemblages respectively. From the above equation
it can be inferred that SW of an assemblage that gives
the maximal violation of a steering inequality must be
greater than or equal to 1, which is in fact the maxi-
mum value that SW can take. Hence, SW of the as-
semblage that achieves the maximal violation must be
1. Then we show that the quantum bound cannot be
achieved by an assemblage generated from a mixed two-
qubit entangled state using (9) and a lemma from [27].
Having eliminated mixed entangled states, we maximise
Iα,β over all general projective measurements performed
by Alice on a general pure two-qubit entangled state
|ψ(θ)〉 = cos θ|00〉+sin θ|11〉 where 0 < θ < pi/2 thus giv-
ing the quantum bound. The maximal quantum bound
for Iα,β is given by β+
√
1 + α2 and the condition β > α
ensures that β +
√
1 + α2 > α +
√
1 + β2 implying that
the maximal quantum bound is the maximal violation.
The detailed proofs for obtaining the local and quantum
bounds are given in Appendix A.
Secondly we look for a laboratory fingerprint of the
qudit state which can be used to show the existence
of an isometry, as are the correlations in the DI case;
naturally this is achieved by using assemblages in the
SDI scenario where we impose a 2 × 2 outer product
structure on the ideal assemblages generated on Bob’s
side for certain measurements of Alice (see Appendix B 1
for details). For self testing a general state of the form
(6), we show that Alice needs to perform 3 d-outcome
measurements on her side; the structure imposed on
the assemblage set {σa|x}ideala,x , where a ∈ {0, . . . , d − 1}
and x ∈ {0, 1, 2}, is such that for measurement settings
x ∈ {0, 1} the pairs c2m|2m, 2m〉+c2m+1|2m+1, 2m+1〉
and for measurement settings x ∈ {0, 2} the pairs
c2m+1|2m + 1, 2m + 1〉 + c2m+2|2m + 2, 2m + 2〉
for m = {0, . . . , d2 − 1} are certified respectively.
The intuition behind certifying 2 different sets of
pairs, similar to the DI case [17], is that the max-
imal violation of tilted steering inequality self tests
4the corresponding 2 dimensional normalised pro-
jections |ψm〉 = c2m|2m,2m〉+c2m+1|2m+1,2m+1〉√
c22m+c
2
2m+1
or
|ψm〉 = c2m+1|2m+1,2m+1〉+c2m+2|2m+2,2m+2〉√
c22m+1+c
2
2m+2
of the target
state (6). That is, the maximal violation of a particular
Iα,β self tests a state of the form |ψ(θ)〉 satisfying
sin 2θ = 1√
1+α2
which certifies the ratio tan θ = c2m+1c2m
or tan θ = c2m+2c2m+1 of the coefficients. Hence, we obtain
d/2 relations between the coefficients from the set cor-
responding to measurements x ∈ {0, 1} and another d/2
from the set corresponding to x ∈ {0, 2} thus uniquely
determining the d coefficients of the target state (6).
FIG. 2. Circuit diagram for the local isometry Φ on Al-
ice’s side. Gates F and F¯ are quantum Fourier trans-
form and inverse quantum Fourier transform respectively.
Gate RAA′ is defined as RAA′ |ψ〉AB |k〉A′ = X(k)A |ψ〉AB |k〉A′
where X
(k)
A are unitary operators and gate SAA′ is defined as
SAA′ |ψ〉AB |k〉A′ = ZkA|ψ〉AB |k〉A′ where ZA :=
∑d−1
k=0 ω
kP
(k)
A
and P
(k)
A are projections corresponding to measurement x = 0
(refer to Appendix B for complete descriptions of all the
gates).
Finally, to formally show the existence of an isometry
(7), we construct projection operators {P (k)A }k=0,...,d−1
and unitaries X
(k)
A on Alice’s side which arise as a con-
sequence of the structure imposed on the assemblage set
{σa|x}a,x. We further show that these projection opera-
tors and unitaries satisfy the condition:
X
(k)
A P
(k)
A |ψ〉 = ck|0, k〉 ∀k (10)
which is sufficient for proving the existence of an isom-
etry (Fig. 2) which self tests the target state and the
ideal measurements (7) (See Lemma 2 in Appendix B for
proof).
Discussion and Open Problems.— In this paper, we have
shown self testing of any pure bipartite entangled state in
the SDI scenario by certifying two-dimensional subspace
projections of the qudit state using a tilted steering in-
equality. As shown in Appendix B 2, in the ideal case
Alice needs to make 3 measurements on her side in order
to obtain the set of ideal assemblages which is sufficient
for self testing. Also, it can be easily seen that in the SDI
scenario the same set of ideal measurements can be used
to self test any qudit state of a given dimension. How-
ever, the ideal set of assemblages that we have used to
show the existence of an isometry is not necessarily the
only set of assemblages that self tests a given bipartite
pure entangled state. It has been shown in [46] that for a
set of assemblages generated by performing 2 d-outcome
projective measurements on any pure bipartite entangled
state, a single linear steering inequality can be obtained
which is maximally violated by that set of assemblages.
Results in this direction could be used to show self testing
of a bipartite pure entangled state using a single steer-
ing inequality obtained using SDP methods, furthermore
such a self testing procedure could be shown to require
only 2 measurements on Alice’s side.
In [28], the authors show minor improvements in ro-
bust self testing of the bell state through steering com-
pared to the Bell nonlocality case by employing assem-
blage based robust self testing methods. Robustness of
our self testing result could be explored analytically; how-
ever, a single steering inequality based approach for self
testing any pure bipartite entangled state could help in
alleviating mathematical difficulties for showing robust-
ness. The authors, in [28], further explored tripartite
self testing in the case of 1 and 2 untrusted parties and
showed the advantage of steering formalism in establish-
ing a tensor product structure on the untrusted side.
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Appendix A: Tilted Steering Inequality
In the following sections we will show detailed calculations for obtaining the local and quantum bounds for the
tilted steering expression. Further, we will show that the maximal violation of TSI uniquely self tests any 2-qubit
pure entangled state.
1. Local bound of Tilted Steering Inequality
Let us first recap the LHV-LHS model here for completeness. Given a bipartite system comprising of qubits with
spatially separated parties Alice and Bob, denote OA and OB as the set of observables in the Hilbert space of Alice
and Bob respectively. An element in OA will be denoted by x (similarly y for OB) and the outcomes corresponding to
x will be denoted by a ∈ L(x) (similarly b ∈ L(y)) where L(x) (L(y)) denotes the set of outcomes for the observable
x (y). The joint state ρAB is said to be steerable iff it does not admit a LHV-LHS decomposition for all a ∈ L(x),
b ∈ L(y), x ∈ OA and y ∈ OB . A LHV-LHS decomposition is based on the idea that Alice’s outcomes are determined
by a local hidden variable λ and Bob’s outcomes are determined by local measurements on a quantum state ρλ,
P (a, b|x, y; ρAB) =
∑
λ
p(λ)p(a|x, λ)p(b|y, ρλ) (A1)
6For a given scenario (2 measurement 2 outcome in this case) the set of correlations obtained from the LHV-LHS model
form a convex set [41], hence we can express any LHV-LHS model as a convex combination of extremal points of
that convex set. This implies that we can decompose p(a|x, λ)p(b|y, ρλ) into
∑
χ
∫
dξp(χ, ξ|λ)δa,f(A,χ)P (b|y; |ψξ〉〈ψξ|),
where χ are the variables which determine the extremal outcome strategies for Alice via the function f(A,χ), and ξ
determines a pure state |ψξ〉 for Bob. Thus we can simplify (A1) as:
P (a, b|x, y) =
∑
χ,ξ
p(χ, ξ)δa,f(x,χ)〈ψξ|Πb|y|ψξ〉. (A2)
To calculate the local bound of our Tilted steering inequality using the LHV-LHS model (A1) where Alice and Bob
each have a choice between 2 dichotomic observables given by: {x = 0, x = 1}, {y = 0, y = 1}. As shown in equation
(A2) we can express any joint probability distribution obeying the LHV-LHS model as convex sum of extremal points
in that set. We will briefly review the method to obtain these extremal points for Alice’s and Bob’s side as illustrated
in [44]. For Alice’s side with 2 observables x = 0, x = 1 with outcomes ±1, the 4 deterministic strategies are given
by,
p1|0 = 1, p1|1 = 1; p1|0 = 1, p1|1 = 0; p1|0 = 0, p1|1 = 1; p1|0 = 0, p1|1 = 0; (A3)
and let us attach these 4 strategies with 4 labels χ ∈ {1, 2, 3, 4}. Moving ahead to Bob’s side, since Bob’s probabilities
arise from measurements on a quantum state they have to obey constraints such as uncertainty relations. Labelling
the basis of eigenstates Bob’s observable y = 0 as {|1〉, | − 1〉}, we can write the generalised projector for outcome 1
of observable y = 1, parameterized by µ and φ, as:
Π1|1 = (
√
µ|1〉+
√
1− µeiφ| − 1〉)× (√µ〈1|+
√
1− µe−iφ〈−1|). (A4)
Similarly a general pure entangled state can be written as:
|ψµ′,φ′〉 =
√
µ′|1〉+
√
1− µ′eiφ′ | − 1〉; (A5)
then the measurement probabilities of outcome 1 for y = 0 and y = 1 are:
p1|0(µ′, φ′) ≡ 〈ψµ′,φ′ |Π1|0|ψµ′,φ′〉 = µ′,
p1|1(µ′, φ′) = µµ′ + (1− µ)(1− µ′) + 2
√
µ(1− µ)µ′(1− µ′) cos(φ′ − φ).
(A6)
From the above equations, we see that the set of allowed quantum probabilities (p1|0, p1|1) form the convex hull of
an ellipse and the boundaries (extreme values) are achieved when cos(φ′ − φ) = ±1. For the extreme points, we can
reparameterize the ellipse as:
p1|0(ξ)− 1
2
=
1
2
[
√
µ cos(ξ)−
√
1− µ sin(ξ)],
p1|1(ξ)− 1
2
=
1
2
[
√
µ cos(ξ) +
√
1− µ sin(ξ)].
(A7)
Assuming the LHV-LHS model (A2) for probability distributions, the correlation terms of our inequality have an
LHV-LHS model (LHV model for 〈A0〉) if and only if they can be written as:
〈A0〉 = p1|0 − p−1|0 = 2p1|0 − 1
=
∑
χ
p(χ)(2p1|0(χ)− 1); (A8)
〈A0B0〉 = P (a = b|x = 0, y = 0)− P (a = −b|x = 0, y = 0)
=
∑
χ
∫
ξ
p(χ, ξ)(2p1|0(χ)− 1)(2p1|0(ξ)− 1); (A9)
〈A1B1〉 =
∑
χ
∫
ξ
p(χ, ξ)(2p1|1(χ)− 1)(2p1|1(ξ)− 1). (A10)
7In the above expressions we have expressed the separate terms of our inequality as convex sums of extremal proba-
bilities. From eqn. (A4) we see that µ = 1/2 refers to the case when the observables y = 0 and y = 1 correspond to
orthogonal spin measurements which is required in our case since Bob is making spin measurements along Z,X, in
this case equation (A7) can further be simplified as (note that ξ below is different from that used in eqn. (A7) but
the symbol has been kept same):
2p1|0(ξ)− 1 = cos ξ,
2p1|1(ξ)− 1 = sin ξ.
(A11)
Using equations (A3) and (A11), we can further simplify the terms of our inequality for each value of (χ, ξ) as:
〈A0〉
〈A0B0〉(ξ)
〈A1B1〉(ξ)
χ = 1
1
cos ξ
sin ξ
χ = 2
1
cos ξ
− sin ξ
χ = 3
− 1
− cos ξ
sin ξ
χ = 4
− 1
− cos ξ
− sin ξ
(A12)
For χ = 1 column in (A12), the following holds:
Iα,β ≡ α〈A0〉+ β〈A0B0〉+ 〈A1B1〉
= α+ β cos ξ + sin ξ
≤ α+
√
1 + β2
(A13)
One can similarly verify that for all columns in (A12), Iα,β ≤ α +
√
1 + β2 is satisfied and therefore it must also be
satisfied for any convex combination taken over χ and ξ as shown in equations (A8), (A9) and (A10). By obtaining
this local bound, we can say that if for a quantum state Iα,β > α+
√
1 + β2 then the probability statistics obtained
from that state do not admit a LHV-LHS decomposition and hence the state is steerable. As a result:
Iα,β ≡ α〈A0〉+ β〈A0Z〉+ 〈A1X〉 ≤ α+
√
1 + β2 (A14)
is a valid steering inequality.
2. Maximal Quantum bound of Tilted Steering Inequality
First let’s look at the steerable weight of the set of assemblages that achieve the maximal violation of any general
steering inequality. One of the interesting properties of steerable weight (SW (σa|x)) is that it is bounded by any
convex function f(.) of that assemblage as given in [39], where f(.) can be the violation of a steering inequality. Using
this property, it can be further shown that:
SW (σa|x) ≥
f(σa|x)− fLHSmax
fmax − fLHSmax
, (A15)
where fmax and f
LHS
max are the maximal value of f(.) among all possible assemblages and among all possible LHS
assemblages respectively. From the above equation it can be inferred that SW of an assemblage that gives the
maximal violation of a steering inequality must be greater than or equal to 1, which is in fact the maximum value
that SW can take. Hence, SW of the assemblage that achieves the maximal violation must be 1.
Now we will identify the candidate states which could achieve the maximal violation. Maximal violation of a
steering inequality (maximally steerable states) implies that the initial state that generated the steerable assemblage
must be a steerable state and since steerable states are a subset of entangled states, the maximally steerable state is
an entangled state. It was proven in [27] that steerable weight of an assemblage generated by an arbitrary bipartite
qubit mixed entangled state cannot be equal to 1. Therefore, in order to find the maximal quantum violation we
focus only on pure 2-qubit entangled states.
A general pure 2-qubit entangled state can be written as (using Schmidt decomposition):
|ψ(θ)〉 = cos θ|00〉+ sin θ|11〉; 0 < θ < pi/2 (A16)
We will follow the method given in [48] to find the maximal violation by maximising over all general pure 2-qubit
entangled states and general projective measurements on Alice’s side. Generalised Pauli observables on Alice’s side
can be written as:
Au = ~au.~σ, where ~au = (aux, auy, auz) is a unit vector. (A17)
8Using the general pure entangled state and observables, we can write the expression for Iα,β as:
Iα,β ≡ α〈ψ(θ)|A0 ⊗ I|ψ(θ)〉+ β〈ψ(θ)|A0Z|ψ(θ)〉+ 〈ψ(θ)|A1X|ψ(θ)〉
= αa0z cos 2θ + βa0z + a1x sin 2θ
≤ α cos 2θ + β + sin 2θ; where equality holds only when a0z = a1x = 1
≤ β +
√
1 + α2; where equality holds only when sin 2θ =
1√
1 + α2
(A18)
Note that the necessary conditions for attaining the maximal value is that Alice’s spin measurements should be
parallel to that of Bob’s i.e. Alice makes A0 = σz and A1 = σx spin measurements and for given values of α and β
( β > α) there is a unique θ in (0, pi/4), such that sin 2θ = 1√
1+α2
, which achieves this maximal. Also note that the
condition β > α ensures that β +
√
1 + α2 > α+
√
1 + β2 implying that the tilted steering inequality is violated and
the maximum quantum bound is indeed the maximal violation.
3. Self testing 2-qubit pure entangled state using Tilted Steering Inequality
Lemma 1. In the steering scenario where Bob, the trusted party, performs mutually unbiased spin measurements
along Z and X; maximal violation (β +
√
1 + α2) of the Tilted Steering Inequality occurs if and only if the 2-qubit
joint state shared between Alice and Bob is:
|ψ(θ)〉 = cos θ|00〉+ sin θ|11〉; such that sin 2θ = 1√
1 + α2
(A19)
up to local unitary transformations and Alice performs spin measurements along Z and X i.e. A0 = |0〉〈0|− |1〉〈1| and
A1 = |+〉〈+| − |−〉〈−| (or their local unitary equivalents) where |±〉 = |0〉±|1〉√2 .
Proof. We are given that the joint state generates an assemblage that violates the tilted steering inequality maximally,
therefore the joint state is steerable and hence entangled. Using the arguments from the previous section, we can
eliminate mixed entangled states implying that the joint state is a pure entangled state. Also, we have shown that
the maximal violation occurs for the state |ψ(θ)〉 only if Alice makes spin measurements along Z and X and for given
values of β and α satisfying β > α there is a unique θ in (0, pi/4) given by sin 2θ = 1√
1+α2
.
Result 1. Maximal violation of the Tilted Steering inequality self tests any 2-qubit pure entangled state i.e. for
the inequality α〈A0〉 + β〈A0Z〉 + 〈A1X〉 ≤ α +
√
1 + β2, let the maximal violation be achieved by an assemblage
generated by performing measurements on the joint pure state |ψ〉AB ∈ HA⊗HB (where the dimensions of the trusted
side B is 2) and measurement operators {Ma|x}a,x on Alice’s side. Then there exists an isometry on Alice’s side
Φ : HA → HA ⊗HA′ , where the dimension of HA′ is 2, such that,
Φ(|ψ〉AB) = |junk〉A ⊗ |ψ(θ)〉A′B ,
Φ(Ma|x ⊗ I|ψ〉AB) = |junk〉A ⊗ (M˜a|x ⊗ I)|ψ(θ)〉A′B
(A20)
where |ψ(θ)〉A′B is given by (A19) and measurement operators M˜a|x correspond to observables A0 = σz and A1 = σx.
Proof. Similar result for self testing from the maximal violation of fine grained steering inequality [43] was proved in
[27]. According to Jordan’s lemma (see [49] for proof), if there are operators A0 and A1 with eigenvalues ±1 acting on
a Hilbert space H of dimension d, then there is a decomposition of H as a direct sum of subspaces Hi with dimension
d ≤ 2 each. That means A0 and A1 act within each subspace Hi and can be written as A0 = ⊕iAi0 and A1 = ⊕iAi1.
In our steering case, operators on the untrusted side (Alice) act on a Hilbert space HA with dimension d. From
Jordan’s lemma, we can say that these observables act on subspace HiA with dimension ≤ 2 i.e.,
HA ⊗HB = ⊕i(HiA ⊗HB) (A21)
It follows that the state |ψ〉AB acting onHA⊗HB and measurement projection operators {Ma|x}a,x can be decomposed
as:
|ψ〉AB = ⊕i√qi|ψ〉iAB ; Ma|x = ⊕iM ia|x (A22)
9where
∑
i qi = 1 and |ψ〉iAB is a 2 × 2 pure state. In order for state |ψ〉AB to achieve the maximal violation, from
Lemma 1 it has to be the case that:
|ψ〉iAB = cos θ|2i, 0〉+ sin θ|2i+ 1, 1〉; such that sin 2θ =
1√
1 + α2
(A23)
and M ia|x are given by M
i
0|A0 = |2i〉〈2i| and M i1|A0 = |2i + 1〉〈2i + 1| for A = A0; and M i0|A1 = |+〉〈+| and
M i1|A1 = |−〉〈−| for A = A1 where |±〉 =
|2i〉±|2i+1〉√
2
.
Then one can append an ancilla qubit on Alice’s side prepared in state |0〉A′ and define a local isometry as the map:
Φ| ⊕i 2i, 0〉AA′ 7−→ | ⊕i 2i, 0〉AA′ ,
Φ| ⊕i 2i+ 1, 0〉AA′ 7−→ | ⊕i 2i, 1〉AA′ . (A24)
which extracts the target state |ψ(θ)〉A′B (A19) from |ψ〉AB .
Appendix B: Proof of Self testing for arbitrary bipartite pure entangled states
Let us first describe the structure of the ideal assemblage that we would look for on Bob’s side, then we will proceed
to show how such a structure of the assemblage can be used for self testing the target state (6).
1. Structure of the self testing assemblage
In order to obtain the complete set of ideal assemblages that meet the sufficient condition for self test-
ing, we need 3 measurement settings on Alice’s side with d outcomes each. The assemblage set gener-
ated from Alice’s measurement settings x ∈ {0, 1} will be used to certify subspace projections of the form
c2m|2m, 2m〉 + c2m+1|2m + 1, 2m + 1〉 and those generated from measurement settings x ∈ {0, 2} will certify
projections of the form c2m+1|2m+ 1, 2m+ 1〉+ c2m+2|2m+ 2, 2m+ 2〉 of the target state.
Assemblage obtained from measurement x = 0: For this case, we impose a condition that the assemblages corre-
sponding to different outcomes only have diagonal non-zero terms;
σi|0 = c2i |i〉〈i| ∀ i ∈ {0, 1, . . . , d− 1} (B1)
Assemblage obtained from measurement x = 1: In this case, we require the assemblage to have certain non-zero non-
diagonal terms along with diagonal terms. Specifically, the assemblages should have non-zero outer product between
eigenvectors |2m〉 and |2m+ 1〉 in the computational basis;
TABLE I. Non-zero elements of σ2m|1 and σ2m+1|1 ∀m ∈ {0, . . . , d2 − 1} for even d ≥ 2
σ2m|1 〈2m| 〈2m+ 1|
|2m〉 c22m
2
c2mc2m+1
2
|2m+ 1〉 c2mc2m+1
2
c22m+1
2
σ2m+1|1 〈2m| 〈2m+ 1|
|2m〉 c22m
2
− c2mc2m+1
2
|2m+ 1〉 − c2mc2m+1
2
c22m+1
2
TABLE II. Non-zero elements of σ2m|1 and σ2m+1|1 ∀m ∈ {0, . . . , d−12 − 1} for odd d ≥ 3
σ2m|1 〈2m| 〈2m+ 1|
|2m〉 c22m
2
c2mc2m+1
2
|2m+ 1〉 c2mc2m+1
2
c22m+1
2
σ2m+1|1 〈2m| 〈2m+ 1|
|2m〉 c22m
2
− c2mc2m+1
2
|2m+ 1〉 − c2mc2m+1
2
c22m+1
2
σd−1|1 = c
2
d−1|d− 1〉〈d− 1|
Assemblage obtained from measurement x = 2: As in the previous case, this measurement will also give rise to
an assemblage with non-zero non-diagonal elements but here they will be associated to the outer products between
eigenvectors |2m+ 1 mod d〉 and |2m+ 2 mod d〉 in the computational basis;
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TABLE III. Non-zero elements of σ2m+1|2 and σ2m+2|2 ∀m ∈ {0, . . . , d2 − 1} for even d ≥ 2
σ2m+1|2 〈2m+ 1| 〈2m+ 2|
|2m+ 1〉 c
2
2m+1
2
c2m+1c2m+2
2
|2m+ 2〉 c2m+1c2m+2
2
c22m+2
2
σ2m+2|2 〈2m+ 1| 〈2m+ 2|
|2m+ 1〉 c
2
2m+1
2
− c2m+1c2m+2
2
|2m+ 2〉 − c2m+1c2m+2
2
c22m+2
2
TABLE IV. Non-zero elements of σ2m+1|2 and σ2m+2|2 ∀m ∈ {0, . . . , d−12 − 1} for odd d ≥ 3
σ0|2 = c
2
0|0〉〈0|
σ2m+1|2 〈2m+ 1| 〈2m+ 2|
|2m+ 1〉 c
2
2m+1
2
c2m+1c2m+2
2
|2m+ 2〉 c2m+1c2m+2
2
c22m+2
2
σ2m+2|2 〈2m+ 1| 〈2m+ 2|
|2m+ 1〉 c
2
2m+1
2
− c2m+1c2m+2
2
|2m+ 2〉 − c2m+1c2m+2
2
c22m+2
2
2. Ideal measurements on Alice’s side
We will now mention the ideal measurements on Alice’s side that give rise to the required assemblages. For
x = 0: measurement is done in the computational basis i.e. in the basis {|0〉, |1〉, . . . , |d − 1〉}; for x = 1: for even d,
measurement is done in the eigenbasis of observable ⊕ d2−1m=0[σx]m and for odd d, measurement is done in the eigenbasis
of the observable ⊕
d−1
2 −1
m=0 [σx]m ⊕ |d − 1〉〈d − 1| where [σx]m = |2m〉〈2m + 1| + |2m + 1〉〈2m| is defined with respect
to the basis {|2m mod d〉, |2m + 1 mod d〉}; finally for x = 2: for even d, measurement is done in the eigenbasis of
observable ⊕ d2−1m=0[σx]′m and for odd d, measurement is done in the eigenbasis of the observable |0〉〈0| ⊕
d−1
2 −1
m=0 [σx]
′
m
where [σx]
′
m = |2m+1〉〈2m+2|+|2m+2〉〈2m+1| is defined with respect to the basis {|2m+1 mod d〉, |2m+2 mod d〉}.
3. Obtaining the sufficient conditions for self testing
Analogous to the DI case [6, 17], we will show that the ideal assemblage structure can be used to obtain the
condition given in B 4 which is sufficient to show the existence of an isometry (Fig. 2) that self tests the target state.
For this purpose we will construct projections P
(k)
A and the unitaries X
(k)
A using the measurement projection operators
on Alice’s side that give rise to the ideal assemblages. Let us denote Alice’s projection operators for measurement x
and outcome i by ΠAxi and explore the consequences of imposing the ideal structure on the generated assemblage as
shown in B 1.
Define the operator Ax,m = Π
Ax
2m−ΠAx2m+1 for x ∈ {0, 1}; it can be seen that (Ax,m)2 = ΠAx2m+ΠAx2m+1 := 1Axm . Further
note that ‖ΠA0i |ψ〉‖ =
√
〈ψ|ΠA0i |ψ〉 =
√
tr(σi|A0) = ci, similarly one can calculate ‖1Axm |ψ〉‖ =
√
c22m + c
2
2m+1 ∀x ∈
{0, 1}. Also, define Pauli X, Z and identity operators on Bob’s side for the basis |2m mod d〉, |2m + 1 mod d〉 as
ZB,m = |2m〉〈2m|− |2m+1〉〈2m+1|, XB,m = |2m〉〈2m+1|+ |2m+1〉〈2m| and 1B,m = |2m〉〈2m|+ |2m+1〉〈2m+1|.
Due to the structure imposed on the assemblages, we see that:
Iα,β ≡ αm〈ψ|A0,m1B,m|ψ〉+ βm〈ψ|A0,mZB,m|ψ〉+ 〈ψ|A1,mXB,m|ψ〉
= αmtr(σ2m|0 − σ2m+1|0) + βmtr((σ2m|0 − σ2m+1|0)ZB,m) + tr((σ2m|1 − σ2m+1|1)XB,m)
= αm(c
2
2m − c22m+1) + βm(c22m + c22m+1) + 2c2mc2m+1
= (βm +
√
1 + α2m)(c
2
2m + c
2
2m+1)
(B2)
where sin 2θm =
1√
1+α2m
= 2c2mc2m+1
c22m+c
2
2m+1
and βm > αm. Although this is not the maximal violation of the Tilted Steering
Inequality but we can use a trick by defining the normalised state |ψm〉 = 1
A0
m |ψ〉√
c22m+c
2
2m+1
; consequently the assemblage
modifies as σi|x,m =
σi|x
c22m+c
2
2m+1
. As a result, the tilted steering expression evaluates to:
Iα,β ≡ αm〈ψm|A0,m1B,m|ψm〉+ βm〈ψm|A0,mZB,m|ψm〉+ 〈ψm|A1,mXB,m|ψm〉
= αmtr(σ2m|0,m − σ2m+1|0,m) + βmtr((σ2m|0,m − σ2m+1|0,m)ZB,m) + tr((σ2m|1,m − σ2m+1|1,m)XB,m)
= βm +
√
1 + α2m
(B3)
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which is the maximal violation of the inequality. Then, by Lemma 1, we can deduce that:
|ψm〉 = c2m|2m, 2m〉+ c2m+1|2m+ 1, 2m+ 1〉√
c22m + c
2
2m+1
=⇒ 1A0m |ψ〉 = c2m|2m, 2m〉+ c2m+1|2m+ 1, 2m+ 1〉 (B4)
A0,m = |2m〉〈2m| − |2m+ 1〉〈2m+ 1|
A1,m = |2m〉〈2m+ 1|+ |2m+ 1〉〈2m| (B5)
Now that we have the maximal violation, we need to define the unitarized versions of our operators as Aux,m :=
1− 1Axm +Ax,m and let XuA,m := Au1,m, this unitarization is necessary to achieve the conditions of Lemma 2. As can
be checked, the maximal violation in (B3) also holds with unitarized operators.
Next let us define the projections P
(2m)
A := (1
A0
m + A0,m)/2 = Π
A0
2m and P
(2m+1)
A := (1
A0
m − A0,m)/2 = ΠA02m+1. So,
for all m and k = 2m, 2m+ 1:
P
(k)
A |ψ〉 = (1A0m + (−1)kA0,m)/2|ψ〉
= (1A0m |ψ〉+ (−1)kA0,m|ψ〉)/2
= (1A0m |ψ〉+ (−1)kA0,m1A0m |ψ〉)/2 since A0,m = A0,m1A0m
= (c2m|2m, 2m〉+ c2m+1|2m+ 1, 2m+ 1〉+ (−1)k(c2m|2m, 2m〉 − c2m+1|2m+ 1, 2m+ 1〉))/2
= ck|k, k〉
(B6)
Further, see that:
XuA,mP
(2m+1)
A |ψ〉 = XuA,mc2m+1|2m+ 1, 2m+ 1〉
= A1,mc2m+1|2m+ 1, 2m+ 1〉
= c2m+1|2m, 2m+ 1〉
(B7)
Similarly, we can perform analogous calculations for the operators: A′0,m = Π
A0
2m+1 − ΠA02m+2 and A′1,m = ΠA22m+1 −
ΠA22m+2 for x ∈ {0, 2}. Following the same procedure as shown above, we define the unitary operators A′ux,m :=
1− 1A′xm +A′x,m and let Y uA,m := A′u1,m; further we can obtain:
P
(k)
A |ψ〉 = ck|k, k〉 for all k = 2m+ 1, 2m+ 2
Y uA,m = 1− 1A
′
1
m + (|2m+ 1〉〈2m+ 2|+ |2m+ 2〉〈2m+ 1|)
Y uA,mP
(2m+2)
A |ψ〉 = c2m+2|2m+ 1, 2m+ 2〉
As the final step we construct the unitaries X
(k)
A required in Lemma 2 from X
u
A,m and Y
u
A,m as:
X
(k)
A =

1, for k = 0
XuA,0Y
u
A,0X
u
A,1Y
u
A,1 . . . X
u
A,m−1Y
u
A,m−1X
u
A,m, for k = 2m+ 1
XuA,0Y
u
A,0X
u
A,1Y
u
A,1 . . . X
u
A,m−1Y
u
A,m−1, for k = 2m
(B8)
Note that X
(k)
A is unitary since it is composed of unitaries. Let us now verify the condition required in Lemma 2, i.e.;
X
(k)
A P
(k)
A |ψ〉 = ck|0, k〉 (B9)
for different cases.
For case k = 0:
X
(0)
A P
(0)
A |ψ〉 = 1P (0)A |ψ〉
= c0|0, 0〉
(B10)
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For case k = 2m+ 1:
X
(2m+1)
A P
(2m+1)
A |ψ〉 = XuA,0Y uA,0XuA,1Y uA,1 . . . XuA,m−1Y uA,m−1XuA,mP (2m+1)A |ψ〉
= XuA,0Y
u
A,0X
u
A,1Y
u
A,1 . . . X
u
A,m−1Y
u
A,m−1c2m+1|2m, 2m+ 1〉
= XuA,0Y
u
A,0X
u
A,1Y
u
A,1 . . . X
u
A,m−1c2m+1|2m− 1, 2m+ 1〉
= XuA,0Y
u
A,0X
u
A,1Y
u
A,1 . . . c2m+1|2m− 2, 2m+ 1〉
= . . .
= c2m+1|0, 2m+ 1〉
(B11)
For the final case k = 2m:
X
(2m)
A P
(2m)
A |ψ〉 = XuA,0Y uA,0XuA,1Y uA,1 . . . XuA,m−1Y uA,m−1P (2m)A |ψ〉
= XuA,0Y
u
A,0X
u
A,1Y
u
A,1 . . . X
u
A,m−1Y
u
A,m−1c2m|2m, 2m〉
= . . .
= c2m|0, 2m〉
(B12)
4. From the sufficient conditions to self testing
In the previous subsection we verified that the condition (B9) holds, in the following lemma we claim that the
condition is sufficient for showing the existence of an isometry on Alice’s side which can be used to extract out the
target state (6) from the joint state between Alice and Bob.
Lemma 2. Suppose there exist unitary operator X
(k)
A and projections {P (k)A }k=0,...,d−1 which form a complete orthog-
onal set and they satisfy the following condition:
X
(k)
A P
(k)
A |ψ〉 = ck|0, k〉 ∀k (B13)
then there exists a local isometry on Alice’s side Φ such that Φ(|ψ〉) = |junk〉 ⊗ |ψtarget〉, for some auxiliary state
|junk〉.
Proof. We will consider a local isometry on Alice’s side which is the d-dimensional generalisation of SWAP isometry,
introduced in [6]:
Φ := RAA′ F¯A′SAA′FA′ (B14)
where F is the quantum Fourier transform, F¯ is the inverse quantum Fourier transform, RAA′ is defined as
RAA′ |ψ〉AB |k〉A′ = X(k)A |ψ〉AB |k〉A′ and SAA′ is defined as SAA′ |ψ〉AB |k〉A′ = ZkA|ψ〉AB |k〉A′ where ZA :=
13
∑d−1
k=0 ω
kP
(k)
A . Let us now calculate the consequence of applying this isometry:
Φ|ψ〉AB |0〉A′ = RAA′ F¯A′SAA′FA′ |ψ〉AB |0〉A′ (B15)
= RAA′ F¯A′SAA′
1√
d
∑
k
|ψ〉AB |k〉A′ (B16)
= RAA′ F¯A′
1√
d
∑
k
d−1∑
j=0
ωjP
(j)
A
k |ψ〉AB |k〉A′ (B17)
= RAA′ F¯A′
1√
d
∑
k,j
ωjkP
(j)
A |ψ〉AB |k〉A′ (B18)
= RAA′
1
d
∑
k,j,l
ωjkω−lkP (j)A |ψ〉AB |l〉A′ (B19)
= RAA′
∑
j
P
(j)
A |ψ〉AB |j〉A′ (B20)
=
∑
j
X
(j)
A P
(j)
A |ψ〉AB |j〉A′ (B21)
=
∑
j
cj |0, j〉AB |j〉A′ using the given condition (B13) (B22)
= |0〉A ⊗
∑
j
cj |j, j〉A′B (B23)
= |junk〉A ⊗ |ψtarget〉A′B (B24)
Having self tested the target state, the same isometry Φ (B14) can be used to self test Alice’s ideal measurements.
Using the same notations from previous sections Ax,m = Π
Ax
2m − ΠAx2m+1 for x ∈ {0, 1} and let the 2-qubit ideal
measurements be denoted by [σz]m for x = 0 and [σx]m for x = 1 on the (2m, 2m + 1) subspace (see section B 2).
Then, given that the observed assemblage has the ideal structure, consider the case Ax,m for x = 0:
Φ(A1,m|ψ〉AB |0〉A′) = RAA′
∑
j
P
(j)
A A1,m|ψ〉AB |j〉A′ continuing from (B20)
= RAA′
∑
j
P
(j)
A A1,m1
A0
m |ψ〉AB |j〉A′
= RAA′
∑
j
P
(j)
A A1,m(c2m|2m, 2m〉AB + c2m+1|2m+ 1, 2m+ 1〉AB)|j〉A′ from (B4)
= RAA′
∑
j
P
(j)
A (c2m|2m+ 1, 2m〉AB + c2m+1|2m, 2m+ 1〉AB)|j〉A′ from (B5)
= RAA′(P
(2m+1)
A c2m|2m+ 1, 2m〉AB |2m+ 1〉A′ + P (2m)A c2m+1|2m, 2m+ 1〉AB |2m〉A′)
= X
(2m+1)
A P
(2m+1)
A c2m|2m+ 1, 2m〉AB |2m+ 1〉A′ +X(2m)A P (2m)A c2m+1|2m, 2m+ 1〉AB |2m〉A′
= c2m|0, 2m〉AB |2m+ 1〉A′ + c2m+1|0, 2m+ 1〉AB |2m〉A′
= |0〉A ⊗ (c2m|2m+ 1, 2m〉A′B + c2m+1|2m, 2m+ 1〉A′B)
= |junk〉A ⊗ [σx]m|ψtarget〉A′B
(B25)
Self testing for subspace measurements Ax,m can be shown similarly for the cases x = 0, 2.
